Abstract. We present a complete description of all fiber product preserving gauge bundle functors F on the category VB m of vector bundles with m-dimensional bases and vector bundle maps with local diffeomorphisms as base maps. Some corollaries of this result are presented.
Introduction.
Modern differential geometry has clarified that product preserving bundle functors on the category Mf of manifolds and maps play very important roles. To such bundle functors one can lift some geometric structures as vector fields, forms, connections, etc. To define such lifts the only important property is the product preservation. Such functors have been classified by means of Weil algebras [5] .
Research quite similar to that on manifolds has been done on fibered manifolds. A wide class of bundle functors on the category FM m of fibered manifolds with m-dimensional bases and fiber preserving maps with local diffeomorphisms as base maps is the class of fiber product preserving functors. Such functors have been classified in [6] , and studied in [1] - [4] , [8] .
In turn research similar to that on fibered manifolds has been done on vector bundles. A wide class of (gauge) bundle functors on the category VB m of vector bundles with m-dimensional bases and vector bundle maps with local diffeomorphisms as base maps is the class of fiber product preserving functors. For example the r-jet prolongation functor plays an important role in the theory of higher order connections, Lagrangians, differential equations, etc. Below, we present many examples of such functors. Some of them are well known. It seems natural and useful to classify all such functors. The purpose of the present paper is to describe all fiber product preserving gauge bundle functors on VB m .
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We first recall the following definitions (see e.g. [5] ). Given two gauge bundle functors F 1 , F 2 on VB m , by a natural transformation µ : F 1 → F 2 we mean a system of base preserving fibered maps µ :
A gauge bundle functor F on VB m is fiber product preserving if for any fiber product projections
are fiber product projections in the category FM. In other words, we have
The most important example of a fiber product preserving gauge bundle functor is the r-jet prolongation functor J r : VB m → FM, where for a 
One more example is the following vector bundle modification T 
The fiber product
VB m → FM of fiber product preserving gauge bundle functors F 1 , F 2 : VB m → FM is again a fiber product preserving gauge bundle functor. We recall that (
The composition of fiber product preserving gauge bundle functors on VB m is again a fiber product preserving gauge bundle functor on VB m . (In Lemma 1 it will be proved that every fiber product preserving gauge bundle functor has values in VB m . So, the composition is possible.)
If F : VB m → FM is a fiber product preserving gauge bundle functor of order r we define a new fiber product preserving gauge bundle functor
, where () * denotes the dualization of VB m -objects and VB m -maps.
The first main result in this paper is that all fiber product preserving gauge bundle functors F on VB m of finite order r are in bijection with socalled admissible triples, i.e. triples (V, H, t) where V is a finite-dimensional vector space over R,
The second main result is that natural transformations between two fiber product preserving gauge bundle functors on VB m of order r are in bijection with morphisms between the corresponding admissible triples.
The third main result is that any fiber product preserving gauge bundle functor on VB m is of finite order.
As corollaries of the above results we describe explicitly all natural endomorphisms J r → J 
These actions are by unital algebra isomorphisms.
Let (V, H, t)
be an admissible triple of order r and dimension m. We are going to construct a fiber product preserving gauge bundle functor T
Here V : Mf m → VB is the natural vector bundle corresponding to the G r m
for any γ : M → R and any embedding ϕ :
we have an induced fiber bundle trivialization (
E with the obvious projection is a fiber bundle over M .
, and any fiber linear map
The correspondence T (V,H,t)
: VB m → FM is a fiber product preserving gauge bundle functor of order r and it takes values in the category VB m .
Definition 2. We call T (V,H,t)
: VB m → FM the fiber product preserving gauge bundle functor corresponding to the admissible triple (V, H, t).
Admissible triples corresponding to fiber product preserving gauge bundle functors on VB
Proof. The fiber sum map + E : E × M E → E, the fiber scalar multiplication maps λ E t : E → E for t ∈ R and the zero map 0 E : E → E are VB m -maps and we can apply the functor F . We obtain +
) is a vector bundle structure on F E.
Let F : VB m → FM be a f.p.p.g.b. functor of order r. We are going to construct an admissible triple (
Example 2. We put We define H 
. By the functoriality of F and the definitions of the actions one can verify in a standard (but long) way that t
is an admissible triple of order r and dimension m.
) the admissible triple corresponding to F .
3.
Admissible triples corresponding to some fiber product preserving gauge bundle functors on VB m . In this section we present admissible triples corresponding to fiber product preserving gauge bundle functors on VB m presented in the introduction. The results of this section will not be used to prove the main result. FM be a fiber product preserving bundle functor and (A, H, t) be its corresponding triple in the sense of [6] . Then by "almost restriction" we have a fiber product preserving gauge bundle functor F : VB m → FM given by F E = F E for any VB m -object E and F f = F f for any VB m -map f . 
m-manifolds. Let V : VB m → VB be the fiber product preserving gauge bundle functor such that 
Fact 5. The admissible triple corresponding to the above
V : VB m → FM is (V, H, ε V ), where ε V : D r m → gl(V ) is given by ε V (η)(v) = γ(0)v for η = j r 0 γ ∈ D r m , v ∈ V .
Fact 6. The admissible triple (V, H, t) of order r corresponding to
VB m → FM is again a fiber product preserving gauge bundle functor of order r. Let 
) be the admissible triples corresponding to F 1 , F 2 and F 1 × B VB m F 2 respectively. We have a new admissible triple (V
Let F 1 , F 2 : VB m → FM be fiber product preserving gauge bundle functors of orders r 1 and r 2 (respectively). Then F 1 and F 2 are of order r = r 1 + r 2 . Since F 2 has values in VB m (see Lemma 1), we have the composition F 1 • F 2 : VB m → FM which is a fiber product preserving gauge bundle functor of order r. Let (V
be the admissible triples of order r and dimension m corresponding to F 1 , F 2 and F 1 • F 2 respectively. By tensoring over R we have the admissible triple (V [5] , [7] ).
Classification of fiber product preserving gauge bundle functors on VB m of order r in terms of admissible triples of order r and dimension m.
The following classification proposition shows that any fiber product preserving gauge bundle functor on VB m of order r is equivalent to some fiber product preserving gauge bundle functor as in Example 1. 
where a fiber linear map f : E → R is (in an obvious way) considered as the VB m -map f : E → M × R covering the identity of M and where the identification
) (see Example 2) and using the functoriality of F one can verify in a standard (but long) way that Θ F (y) is a module homomorphism over t
is natural with respect to VB m -maps, and F and T
preserve fiber products, and E is locally a (multi) fiber product of R m ×R, we may assume that E = R m ×R, the trivial vector bundle over R m with fiber R.
, where the first identification is given by
, and the second trivialization is induced (see Example 1) by the obvious trivialization of R m × R.
5.
Classification of admissible triples of order r and dimension m in terms of fiber product preserving gauge bundle functors on VB m of order r. The following classification proposition shows that any admissible triple of order r and dimension m is isomorphic to some admissible triple as in Example 2.
Proposition 2. Let (V, H, t) be an admissible triple of order r and dimension m. Let F = T (V,H,t)
.
Then we have an isomorphism
We recall that a morphism
with the isomorphism induced (see Example 1) by the usual trivialization of R m × R is the (almost) identity map. One can show in a standard (but long) way that O 
is a natural transformation. If ν is an isomorphism, then so is µ ν . Definition 5. We call µ ν the natural transformation corresponding to ν.
Object classification theorem.
The first main result in this paper is the following theorem. .
] is well defined, for if ν : 
: F 1 → F 2 be a natural transformation given by the composition
where Θ 
between corresponding admissible triples. The inverse correspondence is ν → µ [ν] .
Finite order theorem
Theorem 3. Any fiber product preserving gauge bundle functor F : VB m → FM is of finite order. 
By the Palais-Terng theorem (see [5] ), G F has finite order r 2 . We prove that F is of order r = max(r 1 , r 2 ). We consider a VB m -map f : E 1 → E 2 and a point x ∈ M 1 . It remains to show that F x f depends on j r x f .
Using VB m -trivializations we can assume that E 1 = R m × R 
Applications.
We give some applications of the main results. We will use the Facts from Section 3. 
